


1. Introduction 

The idea that high prices and large amounts of (mainly) 
dissipative advertising2 may serve to separate high-quality firms 
from the their actual low-quality competitors seems widespread. 
However, the theoretical demonstration of this has remained rather 
elusive, in the sense that 



lost to its low-quality competitor. s On the other hand, if prices 
are strategic complements, a successful separating strategy might 
dampen the intensity of price competition, resulting in higher 
profits to both the high-quality and the low-quality firm as 
compared to a case of 



do not know which firm offers which quality.7 

The signaling model analyzed below is adopted from a standard 
complete information model. 8 Initially, the potential customers 
have a diffuse prior as to which firm offers the high quality. On 
observing two pairs of price and advertising signals, the customers 
update their beliefs and make their purchasing decisions 
accordingly. Consumers are assumed to be heterogenous, but they 
all prefer a high quality. There is a continuum of 
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below a key threshold, advertising signals are used to convey 
information about quality. If only price is used to signal 
quality, 









Provided that 0<8**<8*<1, we can write the demands facing the 
high-quality and low-quality firms as functions of the price set by 
each respective firm and the price of its rival. To simplify the 
analysis, the quality of the high-quality firm is assumed to be 1, 
and the exogenous parameter L<1 (the quality offered by the low
quality firm), by default, captures the quality difference between 
the two firms. In the notation below, the subscript represents the 
actual type of firm, while the superscript captures consumer 
expectations of quality. Under complete information the demands 
are as follows 9

: 

p -p 
DH(p p L) = 1 -8* = 1 _ H L 

H H' L' 1 - L 

The condition 0<8**<8*<1 ensures that both firms sell goods to 
consumers in equilibrium. It is straightforward to show that, in 
any of the equilibria we will consider below, this in fact will be 
the case. 

The demand functions above assume that consumers know which 
firm offers which quality. As noted, this would be the case under 
corr~lete information. It would also be the case in a separating 
equilibrium where the two firms adopt 



analysis. 

First, an additional assumption and some additional notation 
must be introduced. We shall assume throughout that unit costs are 
constant across qualities and normalized to zero. Then we can 
define the duopoly profits of each firm in the obvious manner by 
taking the demand functions given above and multiplying by the 
respective price charged by the given firm. Of course the demand 
actually faced by each firm depends on whether or not they 
ul timately adopt identical strategies. We express this fact by 
making the profit function of each firm a function of consumer 
beliefs. In particular, profits are contingent on posterior 
consumer beliefs represented by j..L ( (po' Ao) , (PK



3. Analysis 

Throughout the paper we shall restrict attention to pure 
strategy equilibria, and our basic notion of equilibrium is defined 



Firm 1 and Firm 2, we will not make any distinction between an 
equilibrium where Firm 1 is selected by Nature to be the high
quality firm and the case where Firm 2 is selected to be the high
quality firm. In other words, we are merely associating a strategy 
with a type in our definition of equilibrium. We will consider an 
equilibrium where the strategy of Firm 1 and Firm 2 are reversed to 
be the same equilibrium. That being the case, we have no reason to 
identify the firms prior to Nature's move.ll 

In addition, in the remainder we shall actually restrict 
beliefs a little further than what is immediately implied by 
Definition 1. Due to the ex ante symmetry of the game, we shall 
replace (4) in Definition 1 by: 

Note that condition (4) refers only to price-advertising pairs on 
a putative pooling equilibrium path, whereas (4') refers to 
arbitrary pairs of identical observations. Strictly speaking, an 
equilibrium only requires that out-of-equilibrium beliefs satisfy 



Lemma 1: Necessary conditions for (PL , AL) '* (PH' AH) 
separating profile are: 

(2) ITH(PH'P£lAH'l,L) '?ilH(PL,P£lAL'1/2,L) 









As a consequence, separation is only possible if HS(L) n ~S(L)¢{0}. 
A simple geometric argument will help to show that the intersection 
is non-empty. In particular, the sets HS (L) and ~s (L) can be 
graphed on the price-advertising plane. The set HS(L) consists of 
all the points below the curve AH(P) , while ~S(L) consists of all 
the points above the curve AH(p) (see Fig. 1 below). It is easy 
to see that AH(p) is an inverted parabola which reaches its maximum 
at 12 

1-L2 

A == m -4~[~4~(-1--~L7)-+-L-'(-1-+~L~)~] 

Similarly, it is easy to see that AH(P) reaches a maximum at 

Am == ____ (:-4_-_L....:.)_2....:.(_1_-_L_2..:...) __ _ 
16 [2 (2-L) (l+L) - L2 (l-L)] 

Lemma 4: HS(L) n ~S(L) ¢ {el} for all LE [0,1) 

Proof: We want to show that there exist points in the price
advertising plane that are above AH(p) but below AH(P). Put 
differe~tly, we wish to show that there exists a price p such that 
AH(p) < AH(p). This condition is obviously satisfied for small p as 
AHCO) ==AH(O) =0 and A~(O) -A~(O) == (4-L-2)/4>0. The result would also 
be implied if Am>Am' and tedious algebraic manipulation reveals 
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Notice that ~P(L) is nothing but the closure of the complement of 
~S(L). Thus, it should be obvious that (p,A) E~P(L) is a necessary 
condition for pooling. If, in contrast, (p,A) is in the interior 
of ~S(L), then (by construction) the low-quality firm would not 
wish to mimic this strategy even if it were believed to be a firm 
of quality p. We 
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two curves represent pure price separating equilibria (i.e., no 
advertising by the high-quality firm). When L=L*, the two curves 
intersect the price axis at the same price, and there exists a 
unique pure price separating equilibrium. On the other hand, if 
L>L·, then ~H(P) intersects the price axis at a lower price than 
AH(P) . In this case all separating equilibria must involve 
advertising by the high-quality firm. Finally, any price
advertising pair between the price axis and AH(p) represents a 
pooling equilibrium. The three cases are illustrated in Figure 1. 

[Figure I, about here] 
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4. Equilibrium Refinements 

In Section 3 we concluded that there will typically exist a 
multiplicity of both separating and pooling equilibria in the game. 
In this sense our results are not different from those of the large 
literature on monopoly signaling games. Faced with such a 
multiplicity, appeal is usually made to a series of well-known 
refinements of the equilibrium concept (see Cho and Kreps (1987) 
and Cho and Sobel (1990) for a synthesis). However, in the present 
context these refinements are of little immediate use. In 
Hertzendorf and Overgaard (1998) the problems are discussed at 
length. Suffice it to note here that an important distinguishing 
feature of the game considered in 



(1991)15, Schultz (1996) and Hertzendorf and Overgaard (1998), and 
shall follow this approach below when we scrutinize the set of 
separating equilibria from Section 3. Suppose next that the 
profile under consideration is «PH'AH ) , (PL,AL)) where 
(pL'AL) = (PH'AH ) = (p,A) .16 That is, a pooling profile. If consumers 

unexpectedly observe «p, A) , (pO, A 0)) where (pO, A 0) '* (p, A) , then the 
observation is only consistent with a single deviation from the 
putative profile. Given the symmetry of the objective functions of 
the two firms, it might be argued that consumers should be rather 
confused by the observation. In Section 3 we characterized the 
full set of sequential pooling equilibria by '* Given Given deviatio05s/C0



involving two simultaneous deviations from the putative profile 
( (PH' AH) , (PL' AL» and no weight on the al ternati ve (consistent) 

reconstruction involving one deviation. In other words, prior to 
the observations (ex ante) consumers expect the high-quality 



separating equilibrium play of the low-quality firm, then consumers 
believe with probability one that (pi,Ai) was played by the high
quality firm, and (pj,Aj) was played by the low-quality firm. This 
is the sense in which beliefs are resistant to defections to 
alternative equilibrium pairs. Thus, it is as if consumers 
consider the actual observations (partly) in isolation and ask 
whether they are consistent with the two firms playing for 
separating equilibrium. 

Of course, this interpretation is only sensible if the sets of 
potential separating equilibrium strategies for the low-quality 
firm and high-quality firm are disjoint. Since, the low-quality 
firm would never choose positive advertising in a separating 
equilibrium r the two sets are obviously disjoint if the pure price 
separating equilibrium strategies also fail to overlap. This is 
clearly the case as (L/2) PH, + (0) < PH, + (0). That is r the highest 
price that the low-quality firm would ever charge in a pure price 
separating equilibrium is less than the lowest price that the high
quality firm would ever charge in such an equilibrium. (see 
Hertzendorf and Overgaard (1998)). 

Since firms are assumed unable to engineer correlated 
defections, the crucial special case of REDE follows observations 
of the type «pi/Ai), (pj,Aj)), where (pirAi) $ {(PH,AH ) , (PL'AL )} and 
(p i / A i) 







consistent with an alternative separating equilibrium strategy for 
the high-quality firm and according to REDE leaves beliefs 
unaffected. ) However, according to Lemma 5 (see appendix) the 
high-quality firm must adjust its advertising expenditures exactly 
by this amount (and no more) to offset the altered incentives of 
the low-quality firm to mimic its strategy. (Note that if the 
bracketed term is evaluated at i\=(Lj2)p, it is equivalent to 
dAH(p) j dp. ) 

Roughly speaking, the two terms in (4.2) reflect the marginal 
cost of signaling via price or advertising. When the expression is 
positive, gains in revenue associated with an increase in price 
more than offset any additional cost in advertising that may be 
necessary to deter mimicry. Similarly, when the expression is 
negative, the gains in revenue associated with a reduction in price 
more than offsets any additional cost in advertising that may be 
necessary to deter mimicry. If the two terms are of opposite sign, 
then this merely provides two incentives for the high-quality firm 
to adjust its price. That is, the priceue assoits the than 





a putative pooling profile. We wish to stress that we are not 
arguing as a general rule of thumb that unilateral defections away 
from putative pooling equilibrium should have no affect on beliefs. 
Rather, it is the unique feature of having identical payoff 
functions that makes this natural in the game considered here. The 
implication is that at almost any pooling equilibrium each firm 
would have an incentive to defect. This is because defection has 
no impact on consumer expectations, and, by charging a slightly 
low6.73 632ht firm 







high-quality firm in the unique refined separating equilibrium of 
our model is illustrated in Figure 3. 

[Figure 3, about here] 

In this figure the refined separating equilibrium price, PH' is 
plotted alongside the complete information price of Proposition 1 
(and we note that 



expenditures have to be "recovered" from sales to consumers. 

In case the reader is confused a brief discussion of special 
values of L follows. First we note that 0 < L L L L 



6. Conclusion 

The purpose of this paper was to examine whether or not price 
and dissipative advertising signals can convey information about 
product quality in a competitive environment. Previous literature 
that deals with signaling to consumers is almost exclusively 
limited to the monopoly case. We have taken the next logical step 
by extending this literature to the case of a duopoly. In so 
doing, we have also extended our earlier research on duopoly price 
signaling (see Hertzendorf and Overgaard (1998)). Our results 
confirm that in an oligopoly setting it is indeed possible for 
simultaneous price and advertising signals to convey information 
about product quality to consumers. At the same time there are 
interesting differences between the duopoly game and the monopoly 
gameD. There are also significant differences between this 
research and our earlier research that focused solely on price 
signals. 

We conclude that, unlike in the monopoly case, a separating 
equilibrium in the duopoly game does not depend on the high-quality 
and low-quality firms having different profit functions (a priori) . 
Instead it is the equilibrium itself which differentiates the 
payoffs to each firm. We also showed that the complete information 
price will never separate the two qualities unless there are also 
advertising signals. 

The addition of advertising to the duopoly setting is 
important in that it permits separation to take place for any 
degree of vertical product differentiation. When the 
differentiation is greatest, price signals are used exclusively, 
while when the difference in quality is less, a mixture of price 
and advertising signals are utilized. In our view, this conclusion 
comports well with empirical evidence. This contrasts to our 
earlier research that showed that separation waempirical 182 315.18 393.82 260. 0 01m (earlier )Tj6.81 356.65 9.77 383.77 Tm 37rice 







and the payoff is p Di' (p, P u L) = p (PL - P - p)' . 
1-L L 

Maximizing with respect to p gives p=(L/2)PL . But recall that 
PL= (L/2)PH· We concluded that p=(L2/4}PH is the best 



2 (4-L) (1-L 2 ) < PH. + (0) = ---"':"'--~---'---
4 (2-L) (1 +L) -2 L2 (l-L) L (L2-3L+4) 

That is, if we can show that the requirement 
implies the inequality we require to be true. 
would be true if 

1 1 ------ < ------
4+2L-L 2 +L 3 L3_3L2+4L 

(PH,AH ) EHS(L) already 
This last inequality 

Since both sides are positive this last inequality is equivalent to 
4+2L>4L or 4> 2L, and this is obviously true for all LE [0,1] . 
Q.e.d. 

Proof of Theorem 2: As in the previous theorem we need to check 
that neither firm has an incentive to deviate from its respective 
strategy, given an appropriate specification of out-of-equilibrium 
beliefs. 

Define out-of-equilibrium beliefs such that 1.1. «p,A) I (p,A» = 0 for 
all (P, A) ,p (P, A). These are the beliefs that can support the 
widest possible set of equilibria. Intuitively, these beliefs 
specify that any defecting firm is viewed as offering a low-quality 
product. This creates the greatest possible disincentive for 
defection. 

We need to compare the potential profits from defecting to profits 
that result from the putative pooling equilibrium. A defecting 
firm faces the profit function 

p,p,A,O,L -p ---- -A. II( ,," ) - 0 T8 69.1.8  Thcc 0 0 1(-)]TTj /T1_2 1 57 11.p013 1 Tf 15.139 T3P267.8702 0 0 11.8 1219.9017 0 069.38 370.8 Tmat pooling of that  Tm (Thcc 0 (defecting )Tj 14.2 1148.1 T71_1 1 T10.3 372.84 275.0aximiza.63 Tm ing )Tj 14.2.8 c 0 0 1(-)]Tandthat  Tm (Thcc 0 (defe15. /T1)Tj ng  Tm 0 0 0 1(-)]TA0.3 372.84 275.0aximiza.6 17j 15.1179 0 035 T34.1 T71_1 1 T8 veal(can )Tj 15.0287 0 0 11.23 44.1 T71_1 1 T  Tm (from15.1817 0 0 14258 371 T71_1 1 T   (possibl988.1817 0 0 14 152171 T71_1 1 Toptimfrom )Tj 0 0707 0 0 11.85 1124.1 T71_1 1 Tsuch.8702 0  )Tj 15.012 0 0 18 123 294.33 384.49 TTm (of ) 0 3 15.8902 0 01400 1123 294.33 3is )Tj 16.4899 0 0 11.8 /T1_48.13 294.33 3 (that )e functio170 Tc 11.8 0 2Tj 25 13 294.33 3str.8 gy88.82 275.05 Tm (396904--)Tj /T1_0f 11_113 294.33 3� 3Amat 03 294.33 3Substitu(faces )Tj 0m4 (We )Tj 0.05 1116 13 294.33 3 mm (as )Tj 970 Tc 11.8 0 0 11,O,L0 01.68 38ack function can 



The condition II (p,p,A, 1/2, L) -A ~ II( (L/2)p,p, 0, 0, L) reduces to 

o ~A ~ P -( 4 (l-L) +L(l+L)) (p) 2 == A (p) . 
2 4(1-L2) H 

This is equivalent to requiring that (13, A) E ~p (L). QED. 

Proof of Theorem 3: This is just a special case of Theorem 1. In 
particular, we wish to find (p,O) E HS(L) n ~S(L). This condition is 

equivalent to finding a PH, + (0) ~ P ~ PH,+(O). This is of course 

possible provided that PH,+(O) ~ PH,+(O). Finally, this last 

inequality is equivalent to 

2 (1-L 2) ~ 2 (4-L) (1-L 2) 
4(1-L)+L(1+L) -2-[-2-(-2--~L-)-(-1~+L~)---L-2~(-1---L-)-] 

Algebraic manipulation indicates that this is equivalent to: 

o > 3L 3 
- 13L 2 + 20L -8 . Numerical analysis reveals that this 

inequality if true for L ~ L* "" . 6042. There is also the alternative 
condi t ion that needs to be ex~ined: PH, _ (0) < P < PH, _ (0), However 
this solution is impossible as PH,_(O) ==PH,_(O) =0. Q.e.d. 

Proof of Theorem 4: We prove Theorem 4 in a series of simple 
steps. The first lemma rules out the possibility that the high
quality firm "burns" an unnecessary amount of money in advertising firm f2m Tf 14.1925 2 365.98 403.67ait.1208 0 0 5711.2 322.76 3.63598 403.67am68ype (of )Tj 11e.d. 



to (PH' AH), since payof f s have increased bye> 0 . 
profile «pH'AH ) , (PL,AL» is destabilized. Q.e.d .. · 

Hence, the 

The lemma is illustrated in Figure Al where the xi's, i=l,2,3, 
are examples of the choice of the high-quality firm in the 
separating profiles under scrutiny. Panel (a) relates to the case 
where pure price separation is possible (L(L*), and Panel (b) to 
the case where pure price separation is impossible. 

[Figure Al about here] 

The next lemma restricts the set of prices, PH' in the case where 
pure price separation is possible. 

Lemma 6: Suppose that LsL*. Then any separating profile 

destabilized. 

Proof: (Sketch) Take a profile «PH' a), (PL , a» with PH E (PH. +' PH. + ] 

and P L = (L/2) PH. We leave to the reader the simple proof that 
PH.+(a) is the unique best response of the high-quality firm to PL. 
The details can be found in Hertzendorf and Overgaard (1998). 
Q.e.d. 

Referring to panel (b) of Figure Al (e.g. x 4 ), the proof of 
Lemma ), 8.243eTj 5is 8.243eTj 5372.49 Tm73 





Proof: Using the definitions AH(p) ~ AH(p) reduces to 
P~ [(2-L) (1-L 2 )] / [L(5-4L+L 2 )] =pO(L) We leave it to the reader to 
check that pO (L) > PH(L) for 
AH(PH(L)) <AH(PH(L)). Q.e.d. 

all LE(O,l). Hence, 

To consider O~AH(P), let us first define L**= {LlpH(L) =PH,+(O)} 24 

Then we can state 

Lemma 8: O~AH(P) is binding at P=PH(L) if and only if' L~L**. 

The upshot of Lemma 7 and 8 is that only the non-negativity 
constraint on advertising may be binding at the optimum. Combining 
this with Lemma 6 we conclude that if the non-negativity constraint 
is binding, then the unique maximizer (the unique best response) on 

is associated a unique (j\,AL ) = «L/2)PH,+(0) , 0) 25 This completes 
the proof of Theorem 4. Q.e.d. 

Proof of Theorem 5: First we note that an examination of our 
profit functions reveal that payoffs at any pooling equilibrium are 
(by construction) identical. Hence, if out-of-equilibrium beliefs 
are impartial it must be the case that for any defection (pl,A/) f 

IJ. ( (pI, AI) , (p, A) ) = 1/2. It should be obvious that advertising cannot 
be sustained in an equilibrium. Suppose instead that So= (p, A), A> 0 
were part of a pooling equilibrium. This could not be an optimal 
strategy for either firm since llo(P,p,O,l/2,L) >llo(p,p,A,l/2,L). 
That is, given impartial out-of-equilibrium beliefs, advertising is 
an unnecessary expense since it is not necessary to sustain 
consumer beliefs. 

In a similar vein, consider an arbitrary pooling equilibrium where 
So=(p,O) with p>O. Given impartial out-of-equilibrium beliefs, 
this strategy could not be optimal could 



llO(p-E,p,O,l/2,L) > llO(p,p,O,l/2,L). 

More formally, lim e10 llO(p-E,p,O,l/2,L) = 2IIo (p,P,O,l/2,L) . 

In words, by slightly undercutting its rival's price a firm can 
capture all the market to itself and virtually double its profit. 
(Recall that at any pooling equilibrium the consumers divide their 
purchases equally (and randomly) between the two firms.) 

Only when the price is already zero is it impossible to profitably 
undercut the price of one's rival. Hence, the only pooling 
equilibrium that can be sustained by impartial out-of-equilibrium 
beliefs is SH = SL = (0,0). Q. e. d. 
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